MATHEMATICS ENRICHMENT CLUB.
Problem Sheet 3, May 20, 2014 *

1. Suppose the two numbers wera < b and the incorrect resultc. Thenab 70 =cand
¢ =48+ L. Soc=48a+17 which meansab=48a+ 17 + 70 or a(bl 48) =87. The
only two factors of 87 (that aren't 1 or 87) are 3 and 29, sa

1
X+y+z z
or

X+y _ (X+y) |
xy  z(x+y+2)

So we'd have to satisfy
(x+y)z(x+y+2z)= xy(x+y)
(x+ y)(zx+ zy+ 22+ xy) =0
X+ y)x(z+y)+ z(y+2)=0
(x+y)(z+y)x+2)=0

So we'd need to have eithek = y,z= yorx =z provided none are zero. In
each case, the number not speci ed is free to be whatever it pleases, i.e. solutions are
X=3y = ;2= ,X=.y=,;z= orx= ;y = ;z = for; real
numbers.

3. Let's wite N = 100a+10b+ c or [abd for short. The ve numbers that can be obtained
by permuting the digits are jch; [bad; [bcd; [cal and [cbd. We know that

5 ([act + [bad +[bed + [call + [cbd) = N;

and further, inlcuding the mean in a set of data doesn't change the mean, so we can
expand the above to

(—13([abc]+ [acH +[bad + [bcgd + [cald + [cbd) = N:
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By adding up the left hand side here we obtain

%(2(a+ b+c) 100+2@a@+ b+c 10+2(a+ b+ )= N

or
111@+ b+ ¢)=3N orN =37(a+ b+ ©):

SinceN < 500,a+ b+ c



pP-
Solving the quadratic using the quadratic formula, we get thak = %. From here

we can use calculators, guess and check or plain ingenuity to nd that thes that
satisfy D_
1 5

4

sin—= =; or

NI

n
are 6 or 10.
6. Wikipedia has the best possible answer for this one:

The original (333) Rubik's Cube has eight corners and twelve edges. There
are 8! (40,320) ways to arrange the corner cubes. Seven can be oriented
independently, and the orientation of the eighth depends on the preceding
seven, giving 37 (2,187) possibilities. There are 12!/2 (239,500,800) ways to
arrange the edges, since an even permutation of the corners implies an even
permutation of the edges as well. (When arrangements of centres are also
permitted, as described below, the rule is that the combined arrangement


http://en.wikipedia.org/wiki/Rubik's_Cube#Permutations

ask! 0, wherey = g(Xg). Lets' rewrite
g(xo+ h) = h( + d(x0)) + 9(xo)

then
f(gxo+ )= f(h( + d'(x0)) + 9(X0)):

Call k = h( + d’(xo)) then the above is justf (k + y). So

fk+y) f(y) _ h( +dx)( +y)
h h

using the previous expressions. Als! 0, k! Oso ! O0too. Further, ! 0so
the above tends tog'(xo)f '(y) = d'(Xo)f '(9(Xo)) which is the product rule, but more
importantly, the limit of the above ash! 0 exists.

. Sincefg and f=g are di erentiable, thenfg f=gis dberentiable by question 1 above.
Sof (x)? is di erentiable at x,. The function h(x) = © X for x > 0 is di erentiable, so
h(f (x)?) = f (x) is di erentiable provided f (xo) 6 0.

If f (Xo) =0 then consider

f(Xo+ h) _ f(Xo+ h)g(Xo+ h)
h g(xo + h)h

ash! 0,g(xo+ h)! g(xo) and limyso(fg)(Xo + h)=h exists, so limys f (Xg + h)=h
does too.



